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ABSTRACT 
 
One of the main noise sources in computers are the cooling fans. Tonal noise at the rotational frequency 
of the fan, the blade passing frequency (BPF) and its higher harmonics are important in fan noise. So 
called 'side-resonators' integrated in the duct of an in-duct axial fan cause an impedance change in the 
duct and, having proper dimensions and correct position, act as an acoustic mirror reflecting the noise 
back to the fan. As a result, noise emitted from the computer can be reduced. In this paper, a model 
describing viscothermal wave propagation in the duct and side-resonator is outlined. The model can be 
used to determine the resonator dimension and position to optimally reflect noise near the BPF. The 
developed model is compared with the models for prismatic tube and cylindrical resonators and the 
physical differences between these three resonators are explained. Preliminary results of a parameter 
study are presented. The results point out that the range and magnitude of the effective frequency band of 
a resonator setup can be successfully manipulated by changing the different dimensions of the setup. 
 
1. INTRODUCTION 
At present the methods generally used to cool computer systems, involve (axial) cooling fans, 
because they are cheap, failsafe and easy to apply. However, the limited space inside the housing of 
modern PC's bounds the size of the cooling fans that can be used. To keep up with the demand for 
adequate cooling, sometimes the rotational velocity of the fans is increased. This leads, however, to a 
noise increase. 
 
A. Fan Noise 
The aerodynamic noise generated by fans consists of a combination of discrete frequency noise, 
or tonal noise, related to the so-called blade passing frequency (BPF) and its higher harmonics, and 
broadband noise3,4,5. This broadband noise is generated, amongst others, by separation of boundary 
layers (trailing edges noise), areas with strong pressure gradients (tip and hub of the blade) and inlet flow 
turbulence. The blade passing frequency of a fan is defined as the number of revolutions the fan makes 
per second, multiplied with the number of blades of the fan. The noise generated at the BPF and its higher 
harmonics is associated with harmonic loading developed on the rotor blades surface. This noise is, in 
general, dominant at high rotational speeds5. An example of the noise spectrum of an axial (processor) fan 
is given in figure 1. 
Since tonal noise is important, especially for the perceived sound quality, the strategy to reduce 
axial fan noise consists of reducing the intensity or pressure level of the emitted sound spectrum at the 
BPF and its higher harmonics, without increasing these quantities elsewhere in the spectrum. The BPF 
itself can be subject to small changes. Factors that can influence the revolution speed of the fan are e.g. 
changes in pressure difference between the fan inlet and outlet due to changes in the configuration of 
objects in the flow of the fan, or wear of the bearings of the fan. Assuming that the fan speed is not 
actively controlled during operation, it becomes clear from these considerations that a solution for 
reducing fan noise must primarily filter out certain narrow frequency bands of the noise spectrum. 
However, most PC’s today are equipped with a speed controlled fan, which leads to a variable BPF. A 
secondary demand would thus be a reduction of noise over a wider frequency band, which would also 
benefit the reduction of the broadband noise. 
 
B. Acoustic side-resonators 
From previous research2,8 it is clear that acoustic resonators can be used effectively to reduce fan 
noise at specific frequencies or a frequency band without disturbing the mean fluid flow in a duct. Since 
sound reduction of fans in a duct mainly involves reducing sound at the BPF and its higher harmonics, the 
application of side resonators can be considered an efficient technique to reduce fan noise in a passive 
way. 
The working principle of a side-resonator (see figure 2) can be described in terms of the 
'resistance' a sound wave experiences while it travels through a medium. This 'resistance' is called the 
acoustic impedance and a change in impedance will cause sound waves to be (partially) reflected. 
Changes in impedance can be caused by a change in the medium or the geometry through which a sound 
wave travels. Installing a side resonator at a certain location in a duct will change the impedance at that 
location in the duct and the location will function as an 'acoustic mirror' close to the eigenfrequencies of 
the resonator. Notice that at the end of the duct, the impedance also changes because of the change in 
geometry. Therefore, only a part of the sound is radiated into the surroundings and the remainder is 
reflected back into the duct.  
 
C. Geometries of side-resonators 
Typical side-resonators consist of (circular or rectangular) prismatic tubes (see figure 3a) or 
cylindrical air layers (see figure 3b) closed at one end and connected to the duct at the other end. 
Previous research demonstrated, that in case multiple tubes of the same dimensions are used, more 
sound can be reflected back to the source, thus, improving the performance of the resonator setup11. In a 
sense, a cylindrical layer can be seen as a large number of tubes that are bent alongside the 
circumference of the duct. Therefore, a cylindrical side-resonator performs better than a single tube 
resonator of the same length. 
A third possible geometry for side-resonators is a circular layer, again closed at one end and 
connected to the duct at the other end (see figure 3c). Because sound waves fan out in the geometry of a 
circular side-resonator, its properties differ from a cylindrical side-resonator. A solution including 
viscothermal effects for resonators of this geometry is, however, to the authors’ knowledge not available.  
The theory describing the physical behavior of circular resonators is developed and presented here. 
 
2. THEORY OF CIRCULAR SIDE RESONATORS 
Side resonators consist of a relatively thin air layer or narrow enclosure of air resulting in a 
relatively thick viscous and thermal boundary layer. Therefore, the acoustic properties of side-resonators 
are strongly influenced by viscous and thermal effects and the theory describing the behavior of side-
resonators must account for these effects. One of the available models for viscothermal wave 
propagation, namely the Low Reduced Frequency (LRF) model, is characterized by Tijdeman6 and 
Beltman1,9 as an efficient and accurate model, hence it is adopted here. 
 
A. The Low Reduced Frequency Model 
The basic equations for wave propagation through a medium including viscothermal effects are the 
Navier-Stokes equations, the equation of continuity, the energy equation and in addition the equation of 
state for a perfect gas. In general the following assumptions are made for viscothermal wave propagation: 
• There is no mean flow of the medium. 
• The medium is homogeneous. 
• Only small sinusoidal perturbations are regarded. 
• There is no internal heat generation. 
• The fluid flow in the medium is laminar. 
 
The assumption imply that the dimensionless perturbations of particle velocity v , pressure p , density ρ  
and temperature T  can be expressed as: 
 
ti
ec
ωvv 0=  ;  )1(0 tipepp ω+=  ;  )1(0 tie ωρρρ +=  ;  )1(0 tiTeTT ω+=  
 
with 0c  the undisturbed velocity of sound, 0p  the mean pressure, 0ρ  the mean density, and 0T  the mean 
temperature. Furthermore, the following dimensionless parameters are introduced: 
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The shear wave number s , is a measure for the ratio between the inertial and viscous forces. It is a 
function of the characteristic length l  (which expresses either the cross section of a tube or the thickness 
of a layer), the mean density of the medium, the frequency ω  and the dynamic viscosity. The second 
dimensionless parameter is the reduced frequency k , which is a measure for the ratio between the 
characteristic length of the cross-section and the acoustic wavelength ( ωpi /2 0c ). The third and fourth 
dimensionless groups are the square root of the Prandtl number σ , and the ratio of specific heats γ , in 
which λ  is the thermal conductivity coefficient and pC  and vC  are the specific heat at constant pressure 
and volume, respectively. 
Additional assumptions that are made in the LRF model provide a way to separate the contribution 
of the variables in the propagation direction and other directions to the governing equations. These 
assumptions can be summarized as follows: 
• The acoustic wavelength is large compared to the other length scale(s) l : 1<<k  
• The acoustic wavelength is large compared to the boundary layer thickness: 1/ <<sk  
 
When all assumptions are applied to the governing equation and the system is rewritten in the 
dimensionless groups, the starting equations for the LRF-models are obtained (see appendix 6.A).  
The governing equations are solved in two stages. In the first stage, described by Beltman1,9, the general 
solution, i.e. not specific to geometry, for the set of equations is derived. This solution still yields several 
unknowns, namely the expression for pressure and a number of functions that characterize the 
viscothermal effects. All other quantities of interest, such as particle velocity, density and temperature 
distribution are expressed in these variables and functions (see appendix 6.B). This stage yields: 
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The expressions for the functions )( σsA  and )( σsC  are given in appendix 6.C. Under the assumption that 
the walls are acoustically hard, the source term on the right hand side of equation (1) vanishes, yielding a 
modified Helmholtz differential equation. 
The second stage requires the choice of a geometry and an appropriate coordinate system. Here, 
the equations governing the LRF model are solved for a circular side-resonator. For a circular side-
resonator, the application of the pressure and particle velocity boundary conditions at the resonator 
entrance and the acoustically hard end is straightforward in cylindrical coordinates. Two propagation 
directions can be identified, which are represented by the r - and θ -coordinates. However, since both the 
resonator geometry and boundary conditions are axi-symmetric, the solutions of interest are independent 
of the θ -coordinate and al derivatives with respect to θ  equal zero. The Helmholtz equation becomes 
one-dimensional, and with the Laplace operator corresponding with cylindrical coordinates and 
multiplication of all terms by 2r , the following equation emerges: 
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The solution of this so-called transformed Bessel differential equation is given by Bowman10. It is a linear 
combination of 0J  and 0Y , the Bessel functions of  the first and second kind of zeroth order, respectively. 
This combination of Bessel functions can also be rewritten in terms of the Hankel functions of the first and 
second kind of zeroth order; )1(0H  and 
)2(
0H , respectively. The solution for the differential equation in 
terms of Bessel and Hankel functions is, respectively: 
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The values of the constants Ap  and Bp  can be found by application of the appropriate boundary 
conditions. With the expression for the pressure perturbation known, the solution for the perturbation of 
the temperature, particle velocity in propagation direction and density, are obtained using the equations in 
appendix 6.B. The expression for the particle velocity in the thickness direction is derived in appendix 6.D.  
Rewriting the equations in physical coordinates (i.e. non-dimensionless coordinates) using the relations 
hzz /=  and rkr =  with h , half of the layer thickness, yields: 
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The temperature, particle velocity in propagation direction and density are all functions of the height z . In 
order to obtain the average values of these functions over the cross-section of the tube, the functions 
),( zsA  and ),( zsC σ  can simply be replaced by the expressions for )(sB  and )( σsD , respectively. 
 
B. Coupled Acoustic Elements 
The analytical solution of the LRF-model for a circular resonator can be rewritten to form an 
acoustical element that can be coupled to the analytical solution of other acoustical elements (such as 
tubes or other resonator types) in a matrix formulation. In this way a system of coupled acoustical 
elements can be solved by solving a single matrix equation. A description of the matrix elements of tube 
elements and the assembly process is given by Tijdeman and Spiering7 and van der Eerden11. The 
derivation of the acoustic element of a cylindrical air layer will be given in a separate publication13. 
 
C. Properties of Circular Resonators 
A big advantage of the second notation of equation (2) is that the two terms of which the 
expression consists have physical meaning. The first term on the right hand side of this equation 
represents a pressure wave that travels towards the center of the resonator and the second term 
represents an outward traveling pressure wave. It becomes relatively easy to compare the solution of a 
circular resonator with the solution of tube or cylindrical resonators, which are described by the theory of 
plane wave propagation. 
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The terms on the right hand side represent a wave traveling in the negative and positive r-direction 
respectively. It is clear that the exponential functions in the solution for planar wave propagation fulfill the 
same role as the Hankel functions do in cylindrical wave propagation. In figure 4a a Bode plot of both the 
exponential function and the Hankel functions of the first kind is given for a pure real argument ( i=Γ , so 
viscothermal effects are neglected). From this plot it is clear that a cylindrical sound wave diminishes in 
amplitude while it travels away from the center of the resonator, while the amplitude of a planar sound 
wave remains constant as it travels trough the resonator. Furthermore, one can deduce from the plot of 
the phase that the wavelength of the Hankel function is not constant, but zero for 0=r  and will converge 
to k/2pi  for ∞→r , while the wavelength of a planar wave is always k/2pi . This phase difference is even 
better observed in figure 4b. This implies that wavelength of a cylindrical wave is dependent on the 
distance the wave has traveled, which is of course not the case for a planar wave. The physical 
interpretation of these differences is best demonstrated by a case study of the different resonator types. 
 
D. Case study 
First the transfer function 21H , defined as the ratio of the pressures at the resonator end and the 
resonator opening, is examined for a resonator closed at the end and with a prescribed pressure 
perturbation at the entrance. A Bode plot of the transfer functions of the different types of resonators with 
resonator setups of dimensions as presented in table 1 are depicted in figure 5. The calculations were 
done for air under standard atmospheric conditions. From this figure it is clear that the eigenfrequencies of 
the tube and cylindrical resonator are located very close to each other. The locations of these 
eigenfrequencies are (roughly) determined with the knowledge that a quarter of the wavelength will fit in 
the resonator at anti-resonance. 
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Viscothermal effects help to explain why the resonance peaks of the prismatic-tube resonator are 
considerably lower and slightly shifted downward in comparison with the cylindrical resonator. 
Viscothermal effects play a larger role in the propagation of sound in prismatic tubes than in circular 
resonators, which is a direct result of the surface-to-wall ratio. The surface to wall ratio is defined as the 
ratio of the cross sectional surface of a resonator and the length of the wall that encloses that surface. On 
average, the air particles in a tube resonator are closer to the resonator wall than in cylindrical resonators, 
causing stronger viscothermal effects. 
The first eigenfrequency of the circular resonator is lower than the eigenfrequency for the other 
two resonator types. Furthermore, the resonance peak of the circular resonator is considerably lower than 
that of a cylindrical resonator, even though the surface to wall ratio of the circular resonator is identical to 
that of a cylindrical resonator with an identical inner radius. In the previous subsection it was made clear, 
that the functions used to describe the propagation of sound waves in a circular resonators, have a period 
that is not constant and can be significantly smaller than that of planar waves. This means the wave length 
is dependent on the distance the sound wave has travelled from the origin. It is also observed, that for the 
higher ‘harmonics’ the frequency of the circular resonator is shifted down considerably less. This is a 
result of the fact that at a larger distance from the origin ( λ41>r ), the period of cylindrical sound waves 
will converge to that of a planar sound wave. So, for the higher ‘harmonics’ (increasing number of quarter 
wave lengths), the difference in wave length of a cylindrical and planar sound wave will decrease. 
Therefore, the higher ‘harmonics’ of a circular resonator will mach those of a tube- or cylindrical resonator 
with identical physical length better for increasing frequency. 
Conservation of energy dictates that the intensity of a cylindrical sound wave must be proportional 
to r/1 , with r  the distance of the surface to the origin11. This implies that the amplitude of the pressure 
decreases for an increasing distance from the origin. This explains why the amplitude of the peak of 
transfer function of the circular resonator in figure 4 is significantly lower than its cylindrical counter part. 
The model of the circular resonator when placed between the sound source and the open end of 
an impedance tube was validated with experiments. The measurement results of both single and multiple 
serial coupled resonators correspond very well with the calculated data. 
 
E. Parameter study and optimization 
From a parameter study that was carried out, it was found that range and magnitude of the 
effective frequency band of a resonator setup can be successfully manipulated by changing the different 
dimensions of the setup. Below two cases are described that illustrate how the effectiveness of the 
resonator is influenced by the choice of the outer radius of the air layer for a given setup. The setup under 
consideration is depicted in figure 5 and the characteristic dimensions of the setup are listed in table 2. 
The quantity used to evaluate the effectiveness of the different setups is the Insertion Loss, 
denoted as IL. The insertion loss is a quantity that reflects the change in sound power level caused by an 
insertion of a muffling device in a system. IL is defined as the difference between the sound power level of 
a system without a resonator and the sound power level with a resonator in the system. It is presented in 
the logarithmic scale 
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with PWL  the sound power level, refP , resP  and 0P  the outputted sound power of the reference system, 
the outputted sound power of the system with a resonator and a reference sound power, respectively. The 
IL is frequency dependent. Positive values in the frequency plot indicate a reduction of sound power for 
the corresponding frequencies. Negative values on the other hand, indicate an increase in sound power. 
In this sense, the IL offers a straightforward way to inspect the effectiveness of a resonator over a 
frequency range of interest. 
A first case shows a resonator that has a first resonance frequency equal to the first resonance 
frequency of the duct 110=outR  mm. Figure 6a contains the plot of the transfer function from the source 
sound level (the fan) to the radiated sound level at the open end of the duct for the setup with and without 
a resonator. The insertion loss is the drop in sound power resulting from the insertion of the resonator and 
is thus the difference of the two transfer functions. The vertical dashed lines in the plot represent the first 
and second frequencies of anti-resonance. The resonator is most ‘active’ near the frequencies marked by 
these lines. 
In figure 6a it is observed that the original transfer function of the reference setup experiences a 
peak at the location in the plot where the resonator is most active. When the effective acoustic length of 
the duct is considered it becomes clear that for the first eigenfrequency of the duct, an anti-node is located 
at the resonator opening. This means that the resonator is excited very well at that frequency and the 
achieved insertion lost is relatively high. A maximum insertion loss of 48 dB is accomplished by this setup. 
A drawback of the fact that the first resonance frequency of the resonator and duct coincide, is that the 
effective frequency range of the resonator is relatively small. Furthermore, it is noticed that the insertion 
loss has a small positive value in the region where the resonator is relatively inactive. This is caused by 
the viscous losses in the resonator. The acoustic energy that enters the resonator is partially dissipated by 
viscous effects, which means that noise reduction is in that case not achieved by noise cancellation.  
A second case demonstrates that the resonator can be efficient over a wide frequency range 
between the first and third resonance frequency of the duct when the eigenfrequency of the resonator is 
chosen in such a way that it coincides with the second resonance frequency of the duct. The results of 
such a resonator setup with 5.69=outR  mm, are depicted in figure 6b. An insertion loss ranging from 3  dB 
to 20  dB is achieved over the entire range for this specific setup. 
From the two cases presented above it can be concluded that it is possible to achieve a small 
banded insertion loss of high magnitude or a broadband insertion loss of low magnitude with a single 
circular resonator by variation of the resonator dimensions. 
Notice that the insertion loss approaches zero at the second and forth eigenfrequency of the duct 
for both cases. This behavior can be explained by the fact that resonator is located in node points of the 
standing waves in the duct for that frequency. The resonator will be inactive at these frequencies because 
it is not excited. In contrast, the resonator will be excited best at the first resonance frequency and even 
higher harmonics of the duct as was already observed in the first case. The frequencies corresponding to 
the occurrence of a node or anti-nodes at the resonator opening are not influenced by the dimensions of 
the resonator, but are determined by the location of the resonator in the duct. This means it is possible to 
manipulate the location of the regions where the resonator is relatively active and inactive by changing the 
size of the duct and the location of resonator in the duct. 
The effects of changes in the position and the thickness of the air layer of the resonator on the 
effectiveness of the resonator setup will be presented in a separate publication13. 
 
4. CONCLUSIONS 
The LRF solution of a circular resonator was developed and is presented in this paper. The 
mathematical and physical properties of the solution were investigated and compared with the LRF 
solutions of prismatic tubes and cylindrical resonators. The difference in their physical behavior could be 
explained very well with the derived analytical solutions of the different geometries.  
From the two cases that demonstrate the effectiveness of a resonator setup, it can be concluded 
that it is possible to achieve a small band insertion loss of high magnitude or a broadband insertion loss of 
somewhat lower magnitude with a single circular resonator by variation of the resonator dimensions. 
Furthermore, it is possible to manipulate the location of the regions where the resonator is relatively active 
and inactive by changing the size of the duct and the location of resonator in the duct. 
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6. APPENDICES 
 
A. Low reduced frequency model derivation 
When the different assumptions are applied to the governing equation and the system is rewritten 
in the dimensionless groups presented in 2.A, the starting equations for the LRF-models are obtained. 
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The symbols pd∇ , pd∆  and pdv  represent the scaled components of the gradient operator, the Laplace 
operator and the velocity vector in the propagation directions or pd -directions. The scaled components of 
these operators and vector in the other directions are represented by cd∇ , cd∆  and cdv . Directions other 
than the propagation directions are, from this point forward, addressed as the cross-sectional direction or 
cd -direction. Notice that, in order to obtain this notation, all components of the gradient and Laplace 
operators are scaled with the reduced frequency k according to: 
 
 ∇=∇ k  
 ∆=∆ 2k  
 
with ∇ and ∆  the un-scaled gradient and Laplace operator, respectively 
 
B. Expressions for the particle velocity, density and temperature 
The particle velocity, density en temperature can be expressed in terms of the pressure and the 
functions )( σsA  and )( σsC  according to: 
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C. Expressions for )( σsA  and )( σsC  
The functions )( σsA  and )( σsC , that characterize the viscothermal effects in a thin air film 
depend on the thermal boundary conditions. For the isothermal and adiabatic case they are given by: 
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D. Particle velocity in thickness direction 
 
To obtain the expression for the particle velocity in thickness direction, we return to the equation of 
continuity (equation (3)). Applying the Laplace operator for a circular layer to the expression for pressure 
yields. 
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After application of the standard integration rules for Bessel functions and extensive rewriting this is 
reduced to: 
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We return to equation (3), write out the dimensionless operator cd∇  for layer-geometries and use 
equations (4) to obtain: 
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Integrating both sides of the above equation with respect to the z -coordinate yields the expression for the 
particle velocity for the thickness direction. 
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with the functions ),( zsE  and ),( zsF σ  defined as: 
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for the isothermal case. The function ),( zsF σ  simply equals z for the adiabatic case. Because of 
symmetry, 0=rv  at 0=z , so it is obvious that the integration ‘constant’ )(rc , in equation (5) vanishes. 
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figure 1:  power spectrum of a typical computer cooling fan measured at 15 cm from the front-side of the 
fan. 
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figure 2: Working principle of a side-resonator 
 
 
     (a) Prismatic tube resonator   (b) Cylindrical resonator   (c) Circular resonator 
 
figure 3: Schematic representation (in section view) of three side-resonator geometries attached to a duct. 
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(a) Bode plot of )()1(0 xH  and ixe        (b) Phase difference of )()1(0 xH  and ixe  
 
figure 4: Comparison of the Hankel function and the exponential function 
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Table 1: Dimensions of the various resonators figure 5: Transfer function of a prismatic tube- (a),  a 
cylindrical- (b) and a circular-resonator (c) 
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Table 2: Dimensions of the resonator setup figure 5: Schematic representation of the resonator setup 
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      (a)              (b) 
 
figure 6: Insertion loss and transfer function of a resonator setup with mmRout 110= (a), and with 
mmRout 5,69= (b) 
R(mm) 20 
L1(mm) 130 
L2(mm) 110 
h(mm) 1 
 
 
Rin(m) L(Rout-
Rin)(m) 
Rtube,h(mm) 
tube  0.2 1.5 
cylinder 0.025 0.2 1.5 
Circular 0.025 0.2 1.5 
 
